



Solving dierential equations for 3-loop diagrams:
relation to hyperbolic geometry and knot theory
D. J. Broadhurst 1)
Physics Department, Open University
Milton Keynes MK7 6AA, UK
Abstract In hep-th/9805025, a result for the symmetric 3-loop massive tetrahedron in
3 dimensions was found, using the lattice algorithm PSLQ. Here we give a more general
formula, involving 3 distinct masses. A proof is devised, though it cannot be accounted
as a derivation; rather it certies that an Ansatz found by PSLQ satises a more easily
derived pair of partial dierential equations. The result is similar to Schla¨fli’s formula
for the volume of a bi-rectangular hyperbolic tetrahedron, revealing a novel connection
between 3-loop diagrams and 1-loop boxes. We show that each reduces to a common basis:
volumes of ideal tetrahedra, corresponding to 1-loop massless triangle diagrams. Ideal
tetrahedra are also obtained when evaluating the volume complementary to a hyperbolic
knot. In the case that the knot is positive, and hence implicated in eld theory, ease
of ideal reduction correlates with likely appearance in counterterms. Volumes of knots
relevant to the number content of multi-loop diagrams are evaluated; as the loop number
goes to innity, we obtain the hyperbolic volume of a simple 1-loop box.
1) D.Broadhurst@open.ac.uk; http://physics.open.ac.uk/edbroadhu
1 Introduction




















with k2n := jknj
2 and k2i;j := jki − kjj
2. For the totally symmetric tetrahedron, with






d log(2 sin 1
2
) ;  := arcsin 1
3
; (2)
thus obtaining an exact dilogarithmic result for the diagram evaluated numerically in [2].
The discovery route for (2) was based on a dispersion relation for the more general
Feynman tetrahedron (1), with masses a and b on non-adjacent lines and unit masses on
the other 4 lines. This was derived by applying the methods of [3, 4] in 3 dimensions. In
this paper, we reduce C(a; b) to 7 dilogarithms, for a2 + b2 > 4, and to 8 Clausen values,
for a2 + b2 < 4. In the latter case, (2) results by use of the classical formula [5]
 = 2 arcsin 1
3
+ 4 arcsin 1p
3
; (3)
which reduces the Clausen values to only 2.
Section 2 gives the 3-loop results. In Sections 3 and 4 we examine connections, via
hyperbolic geometry, to very dierent types of diagrams, in 4 dimensions: massive box
diagrams, with only 1 loop, studied in [6], and massless diagrams with more than 6 loops,
studied in [7, 8]. Remarkably, the innite-loop limit of the hyperbolic volumes of knots
entailed by the latter recovers a simple case of the former. Section 5 gives our conclusions.
2 Solving the vacuum dierential equations
In [1], we reduced (1) to dispersive integrals of the form
R
dxP (x;X) logQ(x;X) where
P and Q are rational algebraic functions of x and of the square root, X, of a quadratic
function of x. Section 8.1.2 of [9] shows that every integral of this form may be reduced
to dilogarithms, albeit with the possibility of complex arguments. Pursuing the methods
of [9], one readily establishes that C(a; b) is reducible to real dilogarithms for a2 + b2 > 4.
Implementing the algorithm of [9], in Reduce, we obtained a formidably complicated
result, involving 2 square roots:
p
a2 + b2 − 4 and
q
2b(b+ 2). The appearance of the
former is to be expected; the characteristics of the result clearly change when a2 + b2 − 4
changes sign. The appearance of the latter is a gratuitous consequence of the dispersive
derivation; it may be removed by consideration of C(b; a) = C(a; b), but then
q
2a(a+ 2)





How to achieve this is problematic.
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One strategy for removing a bogus square root is to dierentiate the dilogarithms
that involve it and then to combine the resultant logarithms, to show that the dierential
is free of the unwanted square root. In this case, Reduce showed that the dispersion
relation for the Feynman tetrahedron C(a; b) yields the partial dierential equation
b
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a2 + b2 − 4
4






















which entails only the physical square root, easily traceable to a tree diagram for elastic
scattering [1]. A second partial dierential equation immediately follows from the sym-
metry C(a; b) = C(b; a) of the diagram. We checked that the pair agrees with results
in [10], obtained by the methods of [11], more recently espoused in [12].
Systematic re-integration of (4), by the methods of [9], still produced 20 dilogarithms,
with 8 of these entailing the unwanted square root
q
2b(b+ 2). Accordingly, we resorted
to an alternative strategy, by evaluating C(a; b) numerically at an arbitrarily chosen tran-
scendental point, a = exp(1); b = , and then using the lattice algorithm PSLQ [13] to
search for a rational linear combination of dilogarithms of a character suggested by those
parts of the analytical 20-dilogarithm result that did not involve the bogus square rootq
2b(b+ 2). After much trial and error, in search spaces of dimensions as large as 80, to
accommodate the possibility of many products of logs, we found a simple log-free t to
the single numerical datum:
1
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with a dilogarithm Li2(x) := −
R x
0 (dy=y) log(1− y) and
c :=
p
a2 + b2 − 4 ; p := a+ b+ 2 + c ; m := a+ b+ 2− c : (6)
Ansatz (5) is manifestly symmetric in (a; b) and ts the datum to 360-digit precision.
It was then a routine application of computer algebra to prove that (5) is correct, by
showing that it satises the partial dierential equation (4). Hence the r.h.s. of (5) may
dier from the required result only by a function of b. But by symmetry it thus diers
only by a function of a, and hence only by a constant. Since the r.h.s. and l.h.s. both
vanish when c = 0, the constant must vanish. Hence (5) is proven to be correct, though
no analytical derivation of it has yet been obtained. To our knowledge, this is the rst
time that a lattice algorithm, such as PSLQ, has been used to nd a previously unknown
solution to a pair of partial dierential equations.
We note that one of the 8 dilogarithms in (5) may be removed, using [9]







No further reduction was found by PSLQ, with transcendental values of a and b. With
rational values of fa; b; cg, considerable simplication was obtained. For example







2 − log 5 log 9
5
(8)
was spectacularly reduced by PSLQ to a single dilogarithm. It remains an open question
whether (5) may be reduced to fewer than 7 dilogs, in the general case. We suspect not.
2.1 Reduction to Clausen values
The result (5) clearly entails only real dilogarithms when a2 + b2 > 4. When a2 + b2 < 4,













Since the imaginary part of a dilog yields 3 Clausen values, plus the product of an angle
and log, the result (5) might be expected to be rather complicated, involving up to 16
terms. Transforming to the regime where γ :=
p
4− a2 − b2 is real, one nds that
1
16
abγ C(a; b) = 1
2
fCl2(4) + Cl2(2a + 2b − 2) + Cl2(2a − 2) + Cl2(2b − 2)
− Cl2(2a + 2b − 4)− Cl2(2a)− Cl2(2b)− Cl2(2)g (10)




; a := arctan
γ
a




which are related by
cosa cosb = cos(a + b − 2) : (12)




























between 6 of the arguments of the 8 dilogarithms of (5). Had it been known in advance
that neither (5) nor (10) entails logs, while each reduces to only 8 terms, the process of
constructing a viable symmetric Ansatz would have been greatly simplied. We oer this
observation as a guide to future work.
2.2 The symmetric tetrahedron
To obtain a result for C(1; 1), we use the specic values of the angles (11), namely  = ,





, with  := arcsin 1
3
appearing as the only non-trivial angle, by virtue
of (3). Then using Cl2() = 0, and the general identity [9]
1
2
Cl2( − 2) = Cl2(
1
2
 − )− Cl2(
1
2
 + ) ; (14)
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fCl2(4)− Cl2(2)g  0:01537 ; (15)
in agreement with (2). The tiny value will be seen to be signicant.
3 Connection to 1-loop diagrams
In [6], Andrei Davydychev and Bob Delbourgo considered an apparently very dierent
problem, namely the massive 1-loop box diagram in 4 dimensions, which yields a result
uncannily similar to (5,10), in the case of a common mass on the internal lines and a
common norm for the external 4-momenta. Then there are three kinematic variables,
which may be taken as Mandelstam’s fs; t; ug. The internal mass provides the scale,
here set to unity. In certain kinematic regimes, fs; t; ug may be transformed to the 3
non-trivial dihedral angles, f 1;  2  3g, of a bi-rectangular tetrahedron in a 3-space of
constant curvature [6]. This is one of the 4 congruent parts that result from dissection of
a tetrahedron with a symmetry that derives from the common internal mass. The result
then entails its volume, which is a Schla¨fli [14, 15] function.
After the results (5) and (10), for the 3-loop vacuum diagram, were communicated to
Andrei Davydychev, he made the intriguing suggestion that (10), for the case a2 + b2 < 4,
might be reducible from 8 real Clausen values to 7, as is the case [6] for the box diagram,
in restricted kinematic regimes. If this were the case, one might hope to cap the ‘magic’
feat in [16], where a 2-loop vacuum diagram was transformed to a massless 1-loop triangle
diagram, in a dimension diering by 2 units. In the present case, such a conjuring act
would entail a more remarkable connection, between diagrams whose loop numbers dier
by 2, while their spacetime dimensions dier only by unity. We now examine this issue.
3.1 Geometric and non-geometric boxes









s+ t+ u− 8
(16)















− (1− v)(1− w) (17)
where G derives from a Gram determinant and  is an auxiliary angle, with
tan  cos 1 cos 3 = D( 1;  2;  3) :=
q
cos2  2 − sin
2  1 sin
2  3 : (18)
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The box diagram evaluates to
B(s; t; u) :=
N( 1;  2;  3)
D( 1;  2;  3)
; (19)
with a numerator that is a Schla¨fli function [6]:
N( 1;  2;  3) :=
1
2
fCl2(2 1 + 2)− Cl2(2 1 − 2) + Cl2(2 3 + 2)− Cl2(2 3 − 2)
− Cl2( − 2 2 + 2) + Cl2( − 2 2 − 2) + 2Cl2( − 2)g : (20)
When f1−v; 1−w; 1−x2; Gg are all positive, f 1;  2;  3; g are all real and (20) is 4 times
the volume of a bi-rectangular tetrahedron in hyperbolic space, since the full tetrahedron
may be dissected into 4 congruent bi-rectangular parts [6].
In the case that f1 − v; 1 − w; 1 − x2; Gg are all negative,  is imaginary, while
f 1;  2;  2g are real. Then both the numerator and denominator of (19) are pure imag-
inary and we obtain a geometric interpretation that entails the volume of a tetrahedron
in spherical space. For the residual sign possibilities, there is no interpretation in terms
of real geometry. Indeed, unitarity often requires the amplitude to be complex. Thus
vanishing of the Gram determinant of the external momenta, at G = 0, is emphatically
not the signal for the geometry to change from one sign of curvature to the other. If one
has a real geometry at some point fs; t; ug near G = 0, then there is no real geometry at
a neighbouring point, with the opposite sign of G, since there (17) forces f 1;  2;  3g to
be imaginary.
By way of examples of geometric and non-geometric behaviour, we consider B0(s; t) :=
B(s; t;−s− t), with light-like external momenta. In the hyperbolic regime, we obtain
B0(4; 4) = 4Cl2(
1
2





















with the rst example giving 4 times Catalan’s constant, while the second is a rational
multiple of a constant found in the 2-loop 4-dimensional vacuum diagram with 3 equal
masses [17], which enjoys a ‘magic’ connection [16] to a massless 1-loop triangle diagram.
The nal example entails  := arcsin 1
3
, though in a manner markedly dierent from (2).
Non-geometric results are obtainable from the instructive duality relation
















+ fs$ tg ; (22)




















with product terms familiar from [1, 4, 18]. When one box in (22) is geometric, the
products of angles and logs show that its dual is not. Since (10) has no such product, it
cannot be such a non-geometric box. We now consider whether it might be geometric.
5
3.2 Obstacles to a single 3-loop vacuum volume
Analytical considerations and numerical investigations, alike, suggest that no geometric
interpretation as a single tetrahedral volume, and hence no relation to a single 1-loop
diagram, is obtainable for the 3-loop 3-dimensional vacuum diagram C(a; b).
The argument against a real tetrahedral volume in spherical space is compelling: the
formula for such a volume involves the real parts of complex Li2 values [6, 15]. In contrast,
our result (5) entails purely real Li2 values when a
2 + b2 > 4. Thus the simplicity of
the vacuum diagram seems to preclude a geometric interpretation in a space of positive
curvature, since any such interpretation would be too complicated, analytically speaking.
We argue that there is no interpretation as a single volume in hyperbolic space, for
a2 +b2 < 4. Here we are guided by the fact that all attempts to reduce the Clausen values
in (10) from 8 to 7, as would be required by (20), met with abject failure.
Since no-go claims based on analysis are notoriously fallible, we also investigated the
situation empirically, using PSLQ. The rst step was clear: is there a simple integer
relations between the 8 Clausen values in (10)? PSLQ replied with an emphatic no, by
proving that any integer relation would entail a coecient in excess of 1030.
Then we considered relations between Clausen values generated by Abel’s identity for
5 dilogarithms [9]. Since the imaginary part of a dilogarithm generates 3 Clausen values,







sin k =) 0 =
X
6j>k1
Cl2(j + k) ; (24)
with 6 angles, whose values and sines sum to zero, producing 15 Clausen values, which
also sum to zero. From (12,24) we derived 3 relations between Clausen values whose
arguments are linear combinations of f; a; bg. A pair is formed by
0 = 2Cl2(2)− 4Cl2(2b) + Cl2(4b) + 2Cl2(2b − 2)− 2Cl2(2a − 2)
+ Cl2(2a − 4) + 2Cl2(2a + 2b − 2)− Cl2(2a + 4b − 4) (25)
and its a$ b transform, while the third is symmetric:
0 = 2Cl2(2)− 2Cl2(2a − 2)− 2Cl2(2b − 2) + Cl2(2a − 4) + Cl2(2b − 4)
− 2Cl2(2a + 2b − 2) + 2Cl2(2a + 2b − 4)− Cl2(4a + 4b − 8)
+ Cl2(2a + 4b − 4) + Cl2(4a + 2b − 4) : (26)
The next step was to engage PSLQ to search for more relations. At the arbitrarily
chosen transcendental point a = exp(−1), b = 1=, we computed, to 360-digit precision,
44 Clausen values of the form Cl2(2ja+2k−2n), with non-negative integers bounded
by j < 3, k < 3, n < 5, j+k+n > 0. PSLQ found only the 3 known relations. Moreover,
it proved that any other relation would involve an integer in excess of 105. Enlarging the
search space to include angles in which the coecients of a and b dier in sign, we found
no new relation. It is easy to show that the 3 proven relations do not enable a reduction
of (10) to less than 8 Clausen values. Hence, a reduction to 7 real Clausen values, as
required for a single Schla¨fli function, would seem to require a non-linear transformation
of angles, for which we have seen no precedent.
6
3.3 Reduction of diagrams to ideal tetrahedra
The diculty in relating (10) to a geometric box is more apparent when one writes it in
terms of dierences of volumes of ideal hyperbolic tetrahedra. An ideal tetrahedron has
all its vertices at innity and is specied by 2 dihedral angles, 1 and 2, at adjacent edges.
The dihedral angle at the edge adjacent to these is 3 :=  − 1 − 2. Each remaining
edge has a dihedral angle equal to that at its opposite edge. The volume of such a ideal
tetrahedron is [6]








fCl2(21) + Cl2(21)− Cl2(21 + 22)g : (27)
Thus (10) may be written, rather neatly, as
1
16
abγ C(a; b) = V (;  a) + V (;  b)− V (;  a +  b)− V (; ) ; (28)
where  a;b := a;b− are conned to the interval [; =2−], with  conned to [0; =4].
Similarly, the box volume (20) may be written as
N( 1;  2;  3) = V ( +  1;  −  1) + V ( +  3;  −  3)
+ V (1
2
 +  2 − ;
1
2
 −  2 − ) + V (
1
2
 − ; 1
2
 − ) (29)
with the auxiliary angle  given by (18).
Both the vacuum result (28) and the box volume (29) are non-negative, in their hy-
perbolic regimes, where the angles are real. Now we consider their zeros and maximum
values. The box volume (29) vanishes only for cos 2 = sin 1 sin 3, where the denomina-
tor (18) of the diagram vanishes, at the boundary of the hyperbolic regime. The maximum
volume is N(0; 0; 0) = 4Cl2(=2), achieved in the case of the box diagram B0(4; 4) in (21),
with D(0; 0; 0) = 1. In contrast, the vacuum diagram yields a combination (28) of ideal
tetrahedral volumes that vanishes at b = 0, where  a =  and  b =
1
2
 − , with the last
term cancelling the rst, and the third cancelling the second; and at a = 0, with the last
cancelling the second, and the third cancelling the rst; and at γ = 0, where all terms
vanish separately. Its maximum value occurs at the totally symmetric point a = b = 1,
where (15) gives a combination of volumes that is more than 200 times smaller than the
maximum volume, N(0; 0; 0) = 3:66386237, achieved by the box.
From the above, the diculty of relating the vacuum diagram to a box is glaring. The
geometric insight of [6] led to the conclusion that every 4-dimensional 1-loop box diagram
may be evaluated by dissecting1 its associated volume into no more than 6 bi-rectangular
parts, each given by a Schla¨fli function. We have shown that the addition and subtraction
of ideal tetrahedra, entailed by the vacuum diagram in (28), leads to net volumes that
are, typically, two orders of magnitude smaller than the volumes associated with a box
diagram, via the additions in (29).
Yet there is a remarkably strong connection between 3-loop vacuum diagrams and
1-loop boxes: both entail combinations of volumes of ideal tetrahedra. We have show this
1We discount the possibility that this dissection might entail subtraction of bi-rectangular volumes in
the totally symmetric case (15).
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for the vacuum diagram (27). In the more complicated case of an arbitrary box diagram,
one may obtain up to 24 ideal tetrahedra, with each of the 6 bi-rectangular constituents [6]
of a general tetrahedron yielding 4 ideal tetrahedra, via (29). Moreover every such ideal
tetrahedron equates to a massless 1-loop triangle diagram [6, 16].
We conclude that 3-loop 3-dimensional vacuum diagrams and 1-loop 4-dimensional
boxes do not equate, directly. Rather, they share a common reduction, via hyperbolic
geometry, to 1-loop massless 4-dimensional triangle diagrams, i.e. ideal tetrahedra.
4 Hyperbolic manifolds from multi-loop diagrams
The box-diagram value B0(4; 4) = N(0; 0; 0) = 4Cl2(=2) = 3:66386237 is familiar in
an apparently quite dierent context: it is the hyperbolic volume complementary to
Whitehead’s 2-component link, with 5 crossings [19]. Like the majority of knots and links,
this link is hyperbolic, which means that the 3-manifold complementary to it admits a
metric of constant negative curvature. The volume of this hyperbolic manifold is then an
invariant [20] associated with the link. The Borromean rings have a volume twice as large,
namely 8 times Catalan’s constant. Moreover, the numerator N(=4; 0; =4) = 5
2
Cl2(=3)
of the box diagram B0(6; 6) in (21) is a rational multiple of the volume, 2Cl2(=3) =
2:02988231, of the gure-8 knot, which is the unique knot with 4 crossings.
The common analytical feature of such link invariants and the Feynman diagrams of
this paper is the volume, (27), of an ideal tetrahedron. It may be regarded as a real-valued
function of a single complex variable [21]:
V(z) := =fLi2(z)− log jzj log(1− z)g = V (arg(z);− arg(1− z)) (30)
with dihedral angles that are the arguments of fz; 1=(1− z); 1− 1=zg. The symmetries
V(1− z) = V(1=z) = V(z) = −V (z) ; (31)
where z is the complex conjugate of z, imply that fz; 1=z; 1=(1−z); 1−z; 1−1=z; z=(z−1)g
all give the same value for (30), while their conjugates give a result diering only in sign.
The hyperbolic volume of a knot or link is expressible as a nite number of ideal terms of
the form (30), with arguments that result from complex roots of polynomials [19, 20]. For
example, the volume of the gure-8 knot is 2V(z), with z(1− z) = 1, while the volume of
the Borromean rings is 8V(z), with z(1− z) = 1
2
. The sole hyperbolic 5-crossing knot, 52,
has a volume, 2.8281220, given by 3V(z), with z3 = z − 1. This cubic gives the relation
31 + 2 =  between the dihedral angles in (30). We shall meet it again, at 12 crossings,
in the context of 8-loop quantum eld theory.
4.1 Positive hyperbolic knots at 7 loops
In [7], Dirk Kreimer and I considered knots with up to 15 crossings, classifying the nu-
merical content of eld-theory counterterms up to 9 loops. An account of the wider issues
8
is provided by [22]. The knots in question are all positive, i.e. their minimal braidwords
involve only positive powers of the generators, k, of the braid group [23]. A consequence
is that no hyperbolic knot is encountered in the analysis of diagrams with less than 7
loops, where only torus knots are encountered. At the 7-loop level one encounters two 10-















2 , oering the rst possibility to study the reduction to ideal tetra-
hedra of knots implicated by counterterms. Numerical triangulations were obtained, at
12-digit accuracy, from Je Weeks’ program SnapPea [24]. We then used PSLQ to identify
the relevant polynomials, whose roots were extracted to 50 digits, giving
V10139 = 4:85117075733273756705832705211531247884528302776999 (32)
V10152 = 8:53606534720560860314418192054932599496499139691401 (33)
as the volumes of the positive 10-crossing knots. SnapPea identied the manifold com-
plementary to 10139 as isometric to entry m389 in its census. Its volume coincides with
that of m391, for the 8-crossing 2-component link labelled 822 in the appendix of [19]. The
manifold complementary to 10152 has a volume greater than any in SnapPea’s census of
6,075 cusped manifolds triangulated by not more than 7 tetrahedra.
We found that (32) results from a remarkably simple triangulation,
V10139 = 4V(z) + V(z
2 + 1) ; z2 + 1 = z2(z − 1)2 ; (34)
with a matching condition that makes the dihedral angles of the second term linear
combinations of those of the rst. This simplicity is in marked contrast to
V10152 = V(z) + 2V(z + 1) + V(2z − z






z(2z − z2)2 = (z + 1)2(z − 1) ; (35)
whose quintic produces 15 distinct Clausen values, with angles reducible to linear combi-
nations of the arguments of fz2; (z + 1)2; (z − 1)2; (2z − 1)2g. The simpler form of (34),
with only 2 distinct tetrahedra, and only 2 linearly independent angles, accords with the
experience of [25], where it was found that 10139 is simpler than 10152 in the eld-theory
context, since it is more readily obtained from the skeining of link diagrams that encode
the intertwining of momenta in 7-loop diagrams.
4.2 Positive hyperbolic knots at 8 loops
Observing the contrasting reductions (34,35) to ideal volumes, we proceeded to 12 cross-
ings, relevant to 8-loop counterterms [7]. Work with John Gracey and Dirk Kreimer [8]













−9k−3 in counterterms, while the other relates to a quadruple sum
that cannot be reduced to simpler non-alternating sums, and was found in [28] to entail
the alternating Euler sum U9;3 :=
P
j>k>0(−1)
j+kj−9k−3. In [8] we tentatively identied
9
12A as the knot associated with 9;3, by study of counterterms in the large-N limit, at
O(1=N3), where 5;3 occurs, but U9;3 is absent. Thus we expect 12A to have a simpler
reduction to ideal tetrahedra than that for 12B.
This expectation was notably conrmed by computation, which gave the volumes
V12A = 2:82812208833078316276389880927663494277098131730065 (36)
V12B = 5:91674573518278869527226015189683245321707317046868 (37)
with triangulations that SnapPea identied with the manifolds m016 and v2642. The




2 is indeed rather special: the volume is equal to that of m015,
for the hyperbolic knot with 5 crossings2:
V12A = V52 = 3V(z) ; z
3 = z − 1 : (38)
Not until 12 crossings does one encounter a hyperbolic knot whose volume fails to distin-
guish it from another knot, with fewer crossings. It is intriguing that the knot identied





V12B = 4V ( 1;  2) + V (2 1; 2 1 + 2 2) + 2V (3 1 +  2;  1 −  2) ;
 1 = arg(z) ;  2 = − arg(1− z) ; 4z
4 = 2z2 − 2z + 1 (39)
involving 9 distinct Clausen values, with angles coming from the solution to a quartic. As
before, the relative ease with which positive hyperbolic knots are obtained from Feynman
diagrams is reflected by the relative simplicity of their reduction to ideal tetrahedra. As
further conrmation of this trend, we cite the cases of the remaining 5 positive knots with
12 crossings, which were not obtained from skeining counterterms in [8], nor related to
Euler sums in [7]. Their volumes exceed that of (37), ranging from 7.40 to 13.64, with
commensurately complicated triangulations.
It thus appears that Feynman diagrams entail positive knots that are either not hy-
perbolic, as in the case of torus knots, which suce through 6 loops, or ‘marginally’
hyperbolic, with a small volume, related to a relatively simple triangulation.
4.3 A simple hyperbolic volume at innite loops





related to double Euler sums of weight 2n in counterterms at n + 2  6 loops [7, 8]. We
found that this volume is bounded, as n!1.
Since K8 = 819 and K10 = 10124 are the (4,3) and (5,3) torus knots, V8 = V10 = 0. At
12 crossings, V12 := V12A is given by (36,38); the appendix of [19] shows that no hyperbolic
knot from 6 through 9 crossings has a volume as small as this. We found that K14, with




2 , with manifold




















2 , formally obtained by
n! 8− n, and hence having a crossing number that cannot exceed 2n− 6.
The manifolds of K16 and K18 were identied as s384 and v0959, triangulated by 6 and
7 tetrahedra, respectively; their volumes are not much larger than that of K14. Moreover,
the trend of
V14 = 4:124903252 V30 = 5:227842810
V16 = 4:611961374 V32 = 5:244429225
V18 = 4:854663387 V34 = 5:257409836
V20 = 4:993271973 V36 = 5:267755714
V22 = 5:079718733 V38 = 5:276132543
V24 = 5:137154054 V40 = 5:283008797
V26 = 5:177195133 V42 = 5:288721773
V28 = 5:206190226 V44 = 5:293519248
(40)
suggests an asymptotic value
V1 = 5:33348956689811958159342492522130008819676777710528 (41)
equal to the volume
V1 = V(z) + 2V(2z) ; 2z
2 = 3z − 2 (42)





To test (42), we used SnapPea to evaluate volumes for a selection of crossing numbers
from 50 up to 500, corresponding to counterterms with up to 252 loops. The tight bounds
(1
4
n− 1)2 fV1 − V2ng 2 [0:811; 0:816] ; 2n 2 [50; 500] ; (43)
make a compelling case for the asymptotic behaviour






with an invariance under n! 8− n, noted above, and a constant C = 0:8160 0:0001.
Thus we come full circle, from an innite number of loops back to a 1-loop result,













giving the hyperbolic volume of the light-like equal-mass box diagram of Section 3.1, at
s = t = 7, complementing the link invariants obtained at s = t = 4 and s = t = 6, in (21).
We note that at s = t = 8 the box evaluates to logs, since the Gram determinant vanishes.
The remaining symmetric integer case in the hyperbolic regime, s = t = 5, generates the
volume N(=6; 0; =6), which does not appear to be a rational multiple of the hyperbolic
volume of a simple knot or link.
We know of 3 essentially distinct quadratic equations whose roots generate invariants
of knots and links. All 3 occupy special roles in eld theory.
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1. In the case of the quadratic equation z(1 − z) = 1, as for the gure-8 knot, the
invariants are rational multiples of Cl2(=3) =
2
5
N(=4; 0; =4); this Clausen value
occurs in the 2-loop equal-mass vacuum diagram [17], the 1-loop massless triangle
diagram at its symmetric point [16], and the equal-mass light-like box diagram of [6]
at s = t = 6.
2. In the case of z(1− z) = 1
2
, as for the Whitehead link and the Borromean rings, the
invariants are rational multiples of Catalan’s constant, Cl2(=2) =
1
4
N(0; 0; 0); this
Clausen value results at the simultaneous threshold values s = t = 4 of the box.




2 , corresponds to the box
diagram at s = t = 7, whose associated Schla¨fli function, N(=3; 0; =3) = 1
3
V1, is





2 , associated in [7, 8] with the appearance in counterterms [22, 25], at
n+ 2  6 loops, of irreducible double Euler sums [28, 30] of weight 2n.
These appear to exhaust the relations between link invariants and equal-mass box dia-
grams at rational values of the Mandelstam invariants, since only a single square root, of
the Gram determinant, is entailed by the latter, corresponding to a quadratic equation
for the former. However, there are further cases of knot and link invariants that evaluate
















for the hyperbolic volume of the manifold complementary to the knot 941, which SnapPea
triangulated in terms of 13 ideal tetrahedra, all involving z values in (30) whose arguments
are integer multiples of =10. As indicated in (46), the resultant 39 Clausen values are
reducible to 2, in a combination corresponding to a single Schla¨fli function, and hence to
the volume of a single equal-mass box diagram. In this case the Mandelstam invariants
involve the golden section, giving the quartic characteristic equation z4+z3+z2+z+1 = 0.
We found another case in which 39 Clausen values collapse to 2, namely
V818 = 3Cl2(2) + 12Cl2(
1
2
 + ) (47)
= 12:350906209158200174736304438426152014199256704119996




resulting from a quartic characteristic equation for the knot 818.









for the knot 821, with manifold v3505, whose volume PSLQ found to be rationally related
to those in (42,47). Such integer relations between invariants appear to be fairly common;
we cite V726 = V1+ V521 as another example, with the innite-loop limit of the knots of [7]
here appearing as the dierence in volume of a pair of 2-component links.
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5 Conclusions
The volumes of ideal hyperbolic tetrahedra play (at least) 6 roles in eld theory.
1. They result from the evaluation of 3-loop 3-dimensional vacuum diagrams, where
their volumes tend to cancel, making the maximum [1] value (15) remarkably small.
2. They also result from 1-loop 4-dimensional box diagrams [6], where their volumes
tend to add, giving O(102) times the volume for 3-loop vacuum diagrams.
3. Each ideal volume corresponds to a massless 1-loop triangle diagram [6].
4. Each ideal volume also corresponds to a massive 2-loop vacuum diagram [16].
5. The ease with which the volume of a positive hyperbolic knot is reduced to ideal vol-
umes is indicative of the ease with which the knot results from skeining momentum
flow in counterterms [22, 25].




2 , associated with multiple zeta values [26, 28] in
counterterms [7, 8] at n+ 2  6 loops, yields a hyperbolic volume, at innite loops,
which is 3 times that for a simple 1-loop box.
Conclusion 1 was obtained via (5), for a 3-loop vacuum diagram, with 3 distinct
masses, in 3 dimensions. Its analytic continuation to the hyperbolic regime, a2 + b2 < 4,
is given by (10), which may expressed, as in (28), in terms of 4 volumes of ideal tetrahedra,
2 of which enter with minus signs. Conclusions 2{4 result from the work in [6, 16], which
we here extended by exposing the duality relation (22) and showing how the additions
in (29), for box diagrams, tend to produce results two orders of magnitude greater than
those from the cancellations in (28), for 3-loop vacuum diagrams. Conclusion 5 is based
on contrasting (34) with (35), at 7 loops, and (38) with (39), at 8 loops. Conclusion 6
is based on the strong numerical evidence (43) for the asymptote (42), corresponding to




2 , which is 3 times that of the light-like equal-mass box
diagram at s = t = 7.
The discovery (5), which sparked these hyperbolic connections, is now proven, though
it was not derived, in the traditional sense; instead it was inferred by numerical inves-
tigation and then veried by routine dierentiation w.r.t. masses. Similarly empirical
methods led to (22,42). Such procedures prompt a question: what is served by mathe-
matical proof? The result (2) was discovered in [1] at modest numerical precision, and
then checked to 1,000 digits. There was no shadow of doubt that it was correct, though
unproven. Now it is proven, yet by a method as thoroughly empirical as that which en-
abled its discovery. More important than the proof itself is the route to it, since discovery
of (5), with 3 distinct masses, provides fertile ground for conjectures on behaviour with
more mass scales, or in 4 dimensions. A comparable situation was apparent in [4, 18],
where the results themselves, again from PSLQ, were more illuminating than the post hoc
proofs found for some of them. As Michael Atiyah has remarked [31]: if possession is nine
tenths of the law, discovery is nine tenths of the proof.
13
Acknowledgments: I thank David Bailey, for implementing PSLQ, Andrei Davydychev,
for suggesting a relation of (5) to geometry, Dirk Kreimer, for tuition in knot theory, Al
Manoharan, for converting SnapPea to Windows95, Arttu Rajantie, for the stimulus to
solve PDEs for vacuum diagrams, and Don Zagier for stressing the importance of (30).
References
[1] D. J. Broadhurst, hep-th/9805025.
[2] C. Gutsfeld, J. Ku¨ster and G. Mu¨nster, Nucl. Phys. B479 (1996) 654.
[3] D.J. Broadhurst, Z. Phys. C47 (1990) 115.
[4] D. J. Broadhurst, hep-th/9803091, to appear in Eur. Phys. J. C.
[5] D.H. Bailey, P.B. Borwein and S. Ploue, Math. Computation 66(218) (1997) 903.
[6] A.V. Davydychev and R. Delbourgo, hep-th/9709216.
[7] D.J. Broadhurst and D. Kreimer, Phys. Lett. B393 (1997) 403.
[8] D.J. Broadhurst, J.A. Gracey and D. Kreimer, Z. Phys. C75 (1997) 559.
[9] L. Lewin, Polylogarithms and Associated Functions, North Holland, New York,
1981.
[10] A.K. Rajantie, Nucl. Phys. B480 (1996) 729; B513 (1998) 761.
[11] A.V. Kotikov, Phys. Lett. B254 (1991) 158; Mod. Phys. Lett. A6 (1991) 677.
[12] E. Remiddi, hep-th/9711188.
[13] H.R.P. Ferguson, D.H. Bailey, S. Arno, to appear in Mathematics of Computation.
[14] L. Schla¨fli, Quart. J. Math. 3 (1860) 54; 97.
[15] H.S.M. Coxeter, Quart. J. Math. 6 (1935) 13.
[16] A.I. Davydychev and J.B. Tausk, Phys. Rev. D53 (1996) 7381.
[17] J.J. van der Bij and M. Veltman, Nucl. Phys. B231 (1984) 205.
[18] D.J. Broadhurst, math.CA/9803067.
[19] C. Adams, The Knot Book, W.H. Freeman, New York, 1994.
[20] C. Adams, M. Hildebrand and J. Weeks, Trans. A.M.S. 326 (1991) 1.
[21] L. Lewin (ed.), Structural Properties of Polylogarithms, AMS, 1991.
14
[22] D. Kreimer, Phys. Lett. B354 (1995) 117;
J. Knot Theory and its Ramications 6 (1997) 479; 7 (1998) 61;
Knots and Feynman Diagrams, Cambridge University Press, in preparation.
[23] V.F.R. Jones, Annals of Math. 126 (1987) 335.
[24] J. Weeks, Topology Atlas 2 (1996) 24; program available from
http://www.geom.umn.edu/software/download/snappea.html.
[25] D.J. Broadhurst and D. Kreimer, Int. J. Mod. Phys. C6 (1995) 519.
[26] D. Zagier, in Proc. First European Congress Math. Birkha¨user, Boston, 1994,
Vol II, pp 497-512.
[27] D. Borwein, J.M. Borwein and R. Girgensohn, Proc. Edin. Math. Soc. 38 (1995)
277.
[28] D.J. Broadhurst, hep-th/9604128, to appear in J. Math. Phys.
[29] J.M. Borwein, D.M. Bradley and D.J. Broadhurst, Electronic J. Combinatorics 4(2)
(1997) R5.
[30] J.M. Borwein, D.M. Bradley, D.J. Broadhurst and P. Lisonek, Special Values of
Multidimensional Polylogarithms, CECM report, March 1998.
[31] M. Atiyah, Creation v. Discovery, Times Higher Education Supplement, 29
September 1995, a review of: J.-P. Changeux and A. Connes, Conversations on
Mind, Matter and Mathematics, Princeton, 1995.
15
